Recurrences: Akra Brazzi Method

We consider recurrences of the following form:
F(n) = Ele a; F'(bin) + n°

where

e q; > 0 for each i
e 0 < b; <1 for each ¢

e c>0

First, compute Ele a;b§. There are three formulae for the solution.
Case 1: Zle a;b§ <1

F(n) =06(n°)

Case 2: Zle a;bf =1

F(n) =0(n‘logn)

Case 3: Zle a;bf > 1

First, find an exponent d such that Zle aib? = 1. Then

F(n) = 0(n9).

Examples

(i) F(n) = F(n/2) + F(n/3) + F(n/6) + n?
al :171)1:%,GQ:1,52:%,(13:1,63:%,022
arb§ + agh§ +agh§ =1+ g+ 35 =15 <1
Case 1: F(n) = O(n°) = O(n?)

(ii) F(n)=F(n/2)+ F(n/3)+ F(n/6)+n
a1:1,b1:%,ag:1,62:%,a3:1,bgzé,c:1
arb§ + azb§ +azb§ =3 +1+5=1
Case 2: F(n) = 0(n‘logn) = ©(logn)



(ili) F(n)=F(n/2)+ F(n/3)+ F(n/6)+1
ap =1,bp = %,ag =1,by = %,ag =1,b3 = %,c:O
a1b{ +azb§ +azb§=1+1+1=3>1
Case 3: Find d such that albil + agbg + agbg =1.
d=1
F(n) = 0(n%) = 0(n)

(iv) F(n)=F(n/9)+ F(4n/9) + /n
ar=1,bp = %,ag =1,bp = %,c:%
arh§ +axbs =1+ 2=1
Case 2: F(n) = 0(n‘logn) = ©(y/nlogn)

(v) F(n)=3F(n/3)+ 3F(2n/3) + n?

1
3

arb§ + azb§ =3(3)? + (3)2 =35 <
Case 3: Find d such that a;b¢ +a2b4 =1. d =3
F(n) = 6(n?) = 6(n%)

a1:3,b1: a2:3,b2:%,c 2
1



