Knapsack is N P-Complete

We define a P-time reduction R of IND to Knapsack, where IND is the independent set problem. Trivially, Knapsack is N P, since a set of items whose total weight is equal to the size of the knapsack is a certificate.

Let G = (V, E) be a graph, and k a number. Then ⟨G⟩⟨k⟩ is an instance of the independent set problem. We now define R(⟨G⟩⟨k⟩), an instance of the knapsack problem, as follows.

Write V = {v_1, . . . v_n} and E = {e_1, . . . e_m}, the vertices and edges of G, respectively. Without loss of generality, k ≤ n. Pick B > max {3, n}. Let the objects (“rocks”) be the set V ∪ E, and let the size of the knapsack be K = k +

∑_n i=1 B^i. The weights of the objects are as follows:

• The weight of v_i is w(v_i) = x_i = 1 + ∑ { B^j : e_j is incident to v_i } . • The weight of e_j is w(y_j ) = y_j = B^j

Obviously, R takes only polynomial time. By the following two lemmas, R is a reduction of IND to Knapsack.

Lemma 1 If G has an independent set of size k, then there is a solution to R(⟨G⟩⟨k⟩). Proof: Let I ⊆ V be an independent set of k vertices. Let J ⊆ E be the set of all edges both of whose edges are not in I. Note that for each e_j ∈ E, either e_j ∈ J and neither endpoint of e_j is in J, or e_j /∈ E and exactly one endpoint of e_j is in I. The endpoints of e_j cannot both be in I, since I is an independent set.

We now compute w(I ∪ J), which we write as a polynomial of degree m in B, namely

w(I ∪ J) = m∑ j=0 C_j B^j

C_0 = k since |I| = k, and 1 = B^0 appears once in the formula for w(v_i) for each v_i ∈ I, and nowhere else in w(I ∪ J). For j > 0, there are two cases. If e_j is the endpoint of some v_i ∈ I, then B^j appears in the formula for w(v_i), and nowhere else in w(I ∪ J). Otherwise, B^j appears as the sole term of w(e_j ), and nowhere else in w(I ∪ J). In either case, C_j = 1. Thus, w(I ∪ J) = K. □

It helps to think of each number as a numeral in base B. We number the places of a numeral from the right, starting at zero. Thus, the digit in the i^{th} place is the coefficient of B^i. For example, the rightmost place is called the 0^{th} place, and is the coefficient of B^0 = 1. We now prove the converse to Lemma 1.

Lemma 2 If there is a solution to R(⟨G⟩⟨k⟩), then G has an independent set of size k. Proof: Let S ⊆ V ∪ E be a set of weight K. Let I = S ∩ V and J = S ∩ E. Write each number as a base B numeral. The rightmost place of K is k, each v_i ∈ I contributes 1 to the rightmost place of w(S), and each e_j ∈ J contributes 0 to that place. Since B > n, there can be no overflow (carry) from that place, and thus |I| = k.

We now consider the j^{th} place, for j = 1, . . . m, in that order. (This is actually a proof by induction on j.) Let j = 1. There can be at most three members of S whose weights contribute to the first place of K, namely e_1 and the two vertices which are endpoints of e_1. Since B > 3, and since there is no carry from the 0^{th} place, there can be no carry into the second place. The digit of K is the first place is 1, and so at most at most one of those two vertices can be in I. Let j > 1. There can be at most three members of S whose weights contribute to the j^{th} place of K, namely e_j and the two vertices which are endpoints of e_j . Since B > 3, and since there is no carry from the (j − 1)^{st} place into the j^{th} place, by the inductive hypothesis, there can be no carry into the (j + 1)^{st} place. Since the j^{th} coefficient of K is 1, at most one of those two vertices can be in I.

We have proved that I contains k vertices, and that, for any edge e_j , at most one member of I is an endpoint of e_j . Thus, I is an independent set of vertices of size k, and we are done. □

Since the independent set problem is N P-complete, and since the knapsack problem is N P, and since our reduction of the independent set problem to the knapsack problem is polynomial, we conclude that the knapsack problem is N P-complete.

Example

Let G be the graph illustrated below, where n = 6 and m = 8. Let k = 3. Pick any B ≥ 7. (Thus, we can think of B = 10 if we wish.) The set I = {v_1, v_3, v_6} is an independent set of vertices of G of size k. In our reduction, J = {e_4, e_7 }. We write K and all the weights in base B. The first array shows the weights of all items, while the second array shows that the weights of the selected items sum to K.

K = 1 1 1 1 1 1 1 1 3 x_1 = 0 0 1 0 0 1 0 1 1 x_2 = 0 0 0 0 1 0 1 1 1 x_3 = 0 0 0 1 0 0 1 0 1 x_4 = 0 0 0 1 0 0 1 0 1 x_5 = 1 1 1 0 0 0 0 0 1 x_6 = 1 0 0 0 0 0 0 0 1 y_1 = 0 0 0 0 0 0 0 1 0 y_2 = 0 0 0 0 0 0 1 0 0 y_3 = 0 0 0 0 0 1 0 0 0 y_4 = 0 0 0 0 1 0 0 0 0 y_5 = 0 0 0 1 0 0 0 0 0 y_6 = 0 0 1 0 0 0 0 0 0 y_7 = 0 1 0 0 0 0 0 0 0 y_8 = 1 0 0 0 0 0 0 0 0 x_1 = 0 0 1 0 0 1 0 1 1 x_3 = 0 0 0 1 0 0 1 0 1 x_6 = 1 0 0 0 0 0 0 0 1 y_4 = 0 0 0 0 1 0 0 0 0 y_7 = 0 1 0 0 0 0 0 0 0 K = 1 1 1 1 1 1 1 1 3