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Assignment 6: Due Tuesday May 3 2022 23:59:59

Name:

You are permitted to work in groups, get help from others, read books, and use the internet. You will

receive a message from our graduate assistant telling you how to turn in the assignment.

Throughout this assignment, you may assume that a language is recursively enumerable if and only if it
is accepted by some machine. Recall that “L is recursively enumerable (RE)” means that there is a machine

that enumerates L.

1. Read the document dpNC02 on dynamic programming and NC.

(a) Explain how addition of binary numerals for integers is a Boolean dynamic program with reachback

two.!

(b) Describe an NC algorithm to solve any Boolean dynamic program with reachback 3.

Different Infinities If S is any set the set of all subsets of S is written 2%. Georg Cantor (1845-1918)
was the first to note that infinite sets may be of different sizes (cardinalities). We say that two sets A and B
have the same cardinality if there is a 1-1 correspondents f : A — B. That is, for every b € B, there is exactly
one a € A such that f(a) = b. If S is any set, the cardinality S is written as |S|, and the cardinality of 2° is
written 2/51.

The finite cardinals are called zero, one, two, etc. But some sets are infinite, such as N, the set of natural
numbers. We use the Hebrew letter X to denote infinite cardinals. By definition, ¥y is the smallest infinite

cardinal, N; is the next smallest, and so forth.

The cardinality of the set of natural numbers A is ag. Thus the cardinality of every enumerable (countable)
set is also 8y. The set of all integers and the set of all fractions are both countable. Every language is countable,

and every subset of a countable set is countable; that subset is either finite or has cardinality Ng.

Cantor proved, using diagonalization, that the set of real numbers IR is uncountable. (Sets which are not

countable are called uncountable.) Here is his proof, which is by contradiction.

Suppose IR is countable. Then there is a 1-1 correspondence f : N' — IR. Each real number has a decimal
expansion. Let z be a real number between 0 and 1 such that the ith decimal digit of z (that is, in the 107¢
place) is different from the i** decimal digit of f(i). Then x # f(i) for all i, and thus the image of f does not

contain all real numbers, contradiction.

Another example of an uncountable set is the set of all languages over a given alphabet ¥. That set is
the set of all subsets of ¥*, and is written 2 . The cardinality of that set is 28, which is the same as the

cardinality of IR.

The continuum hypothesis is that the cardinality of R is Xy, that is, 2% = X; Cantor died without being
able to prove it. In 1964, Paul Cohen proved that the continuum hypothesis cannot be proved using the
standard axioms of set theory. It was already known that it could not be disproved, either. (The room was
packed when I saw Cohen’s presentation.)

1Your computer contains an A'C microprogram which finds the sum of any two binary numerals of length n.



2. Which of these sets are countable? Give a justification in each case.

(a) The set of all recursively enumerable languages.
(b) The set of all undecidable languages.

(¢) The set of all real numbers whose decimal expansions are computed by a machine.



