The Fibonacci Sequence and Memoization

The Fibonacci sequence was introduced to Western Europe by Leonardo Bonacci of Pisa, also
known as Fibonacci, who lived from 1170 to around 1240, possibly the greatest mathematician of
Medieval Europe. The Fibonacci numbers are defined recursively:

Fo=0
=1
F,=F,_1+ F,_o forn>2.

The first few Fibonacci numbers are given in the following table.

n | F,
00
1] 1
211
3| 2
41 3
5| 5
6| 8
7113
81|21
9| 34

Computing the Fibonacci Numbers

The simplest way to compute the first N Fibonacci numbers is by dynamic programming:

F[0] = 0;
F[1] = 1;
for n = 2toN

F[n] = F[n-1]+F[n-2J;

There is lesser knwon recurrence which generates the Fibonacci sequence.

Fy=0
=1
=1

Fn = Fo1y2* Fuje + Fny1)y2 * Finga) e for n > 2

Here is an alternative expression of the same recurrence:

Fy=0
=1
=1

P = F(Qn_l)/2 + F(Qnﬂ)/2 if n odd and greater than 1
Frja—1 % Fpjo+ Fyyo % Fyoqq if noeven and greater than 2



For example, F; = FZ + F? =4+9=13 and Fy = Fy % Fy + Fy x F5 = 6 + 15 = 21..

Computation of Fj using memoization and the sec- 000

ond recurrence requires ©(log N) time, The idea is

that the search structure needs to store only ©(log N) $ \
memos, specifically, memos of the form (n, F},) for

N
values of n close to o for k < logy N. The follow- 4f Si)o 531

ing figure illustrates that set of values for N = 1000.
An arrow from ¢ to j in the figure means that Fj is

needed to compute Fj. 24 250 251
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