Bellman Ford Algorithm

Throughout, when we say graph, we mean directed graph. The Bellman Ford algorithm solves
the single source minpath problem for a weighted directed graph G. Weights may be negative,
but, as always for minpath problems, no cycle of G may have negative weight. Let n and m be
the numbers of vertices and arcs of G, respectively. The source vertex is 0. The Bellman Ford
algorithm computes, for each vertex i, the least cost path from 0 to . We call that path = (i), of
weight V(i) = |m(i)]. The algorithm also computes backarc(i), for i > 0, the next-to-the last arc
of (i), provided V[i] < co. The worst case time complexity of the Bellman Ford algorithm is
O(nm).

Input. The input of the Bellman Ford algorithm Is a weighted digraph G. We let the integers
0 <7 < n be the vertices of G. The weighted arcs of G are ey, e,,...¢€,. For each 0 < j < m,
e; = (s,,t;,w;), where the parameters are the source vertex, the target vertex and the weight,
respectively.

The Outer Loop. The outer loop iterates as many as n times, and continually updates each
o (i), the best current estimate of 7(i). At each iteration the algorithm tries to find better paths
from 0 by appending arcs to previously computed paths. For each vertex i, |o(i)| is a monotone
decreasing function of ¢, and o(i) converges to 7(i).

The Inner Loop. If the outer loop has iterated t times, then for each 4, every path from 0 to
1 of arc-length at most ¢ has been considered. During each iteration of the outer loop, the inner
loop iterates m times, once for each arc. At iteration j of the inner loop, if o(s;) +w; < o(t;),
then o(t;) becomes the concatenation o(s;)e; and backarc(t;) becomes e;. This action is called
relazation.

Shortcuts. If w(i) has ¢ acs, then o(i) = (i) after ¢ iterations of the outer loop. If, for any ¢,
m(i) has no more than /¢ arcs, then o (i) converges to m within at most ¢ iterations. Since 7(¢) can
have at most n — 1 arcs, the Bellman Ford algorithm converges after at most n — 1 iterations of
the outer loop.

Outer Loop Shortcut. If no changes were made during iteration t of the outer loop, conver-
gence has occurred, and the algorithm can be halted. The algorithm records the index of each
iteration of the outer loop if any changes are made during that iteration, and if no changes are
made during an iteration, that index is not updated, proving convergence.

Inner Loop Shortcut. An integer update_time(i) is set to ¢ if a new value of o(i) is found
during iteration ¢ of the outer loop. During the ;% iteration of the inner loop during the ¢!
iteration of the outer loop, o(t;) will not be updated if update_time(s;)< t — 1, in which case the
algorithm does not attempt relaxation during the j*" iteration of the inner loop.



Pseudocode for Bellman Ford

Read Inputs
V(0)=0
update_time(0) = 0
For i >0
V(i) = o0
update_time(i) = —1
changed = true
For t =1 to n — 1 provided changed // outer loop shortcut
changed = false
For j=0tom—1
If update_time(s,;) >t —1 // inner loop shortcut
temp = V(s;) + w;
If temp < V (t;)
V(t;) = temp
backarc(t;) = j
update_time(t;) =t
changed=true

In C++ you would write for(int t = 1; t < n and changed; t++)

0.1 Recovering the Optimal Path

Recover(i) // writes 7 (i)
Ifi=0
Write 0
Else
j = backarc(i)
Write (w;)
Write 4
Recover(s;)



Example

We give files showing the list of 1000 arcs of a directed graph of 100 vertices. We then give the
final values of V(¢) for each vertex ¢, as will as the path 7(7), which is shown with alternating

vertices and arc weights, where the weights are parenthesized.
93 346 34214 8 571 61627 41 16 0 50624 99 17 2 73 15 3

51641 63911 37375 2871 -1 87562 41704 65117 17 61 3
51120 6383 64896 5443 79416 38693 7056 3 6049 5

656 145 86 835 69353 21931 8 9 -1 73642 48955 13 33 3
49 664 93682 60337 8 711 77401 8161 -2 23500 54756
42 24 6 19898 69381 76834 33436 56812 66 11 4 12 92 6

2683 2745 1816 2 77 87 0 73573 25336 96 18 3 53 26 7
80932 4851 29595 60629 19803 2101 26 836 40 8 4
38573 31101 5906 91382 21676 71806 95997 88 54 -1
69 325 1073 -1 33632 79949 99512 64421 86 1563 15 86 4
11 346 87 224 7343 9 42545 24395 63184 1269 3 4 335
34 19 -2 3587 3 69504 2372 89 10 -1 6045 57294 16 92 3
2252 79614 7847 2 45822 99512 8653 -1 48946 67 4
1764 2 20803 94541 37337 17121 1791 56 87 45 95 3
71957 5912 52710 25437 91897 66 785 50 96 3 33 13 3
99 70 56 68 1560 42394 63983 3924 31283 471 -1 8338 -1
95640 4 72265 58251 52454 46 391 833 -1 25423 39747
96 30 6 94 13 3 19600 92323 7996 3594 7414 70761
84 12 0923 96408 63355 7366 23512 51308 465-1
2263 91477 84311 19315 28276 19435 23 68 2 39 43 6

88941 80984 18523 9895 -1 5793 66 984 72785 66 97 4
47 72 0 86 122 77 03 97 325 35512 98491 6166 3255
2897 3 3315-1 81141 97 05 8291 13791 16 144 7565 0
30261 16 295 5292 156955 28765 13 26 -1 62 86 4 63 05
97 16 0 8244 4 20 265 65949 3446 3 53628 86421 347 -1
34690 15844 24820 51161 43370 6124 60889 20 416
24281 8623 709 1 66 11 2 1587 5 32901 93 335 80 94 6
135640 44752 38512 73113 68814 83994 3514 6 69 46 4
72 91 -1 112365 57367 39812 1471 -1 1896 4 83641 9705
74 352 90571 49294 90922 29491 22406 43 554 66 251
53 60 3 20574 87833 21262 5277 28691 27 98 2 63 21 2
8316 0 23820 11 354 6385 68953 60685 9733 87 54 4
57 81 7 2996 6 42804 9555 54665 5981565 7315 71138
99 223 5561 -2 80712 304 0421 1246 59581 9417 1

36 90 0 26 145 37653 21 203 6304 8 44 58564 10 68 3
69 282 46 745 5104 65897 90263 38994 0624 3248 0

1776 97 695 28394 70853 80424 3373 0502 85881

90 40 7 47 250 61947 30910 20205 38423 30223 8585
8087 2455 2287 0 57355 9248 1 86 30 2 49 51 4 56 89 7
48 72 6 82573 7637 0 20396 5146 82238 36 151 84 53 2
24540 36 102 42585 23411 11691 6090 5 5547 3 89 81 4
58 17 2 7511 74780 7766 -1 69613 33363 6996 16 60 5



70 67 2 86 84 77 66 -1 35934 46 191 12 96 6 40 17 -2 74 50 1
283 512562 90474 76 345 95631 31510 20971 88 61 -2
7412 69282 52821 82335 77235 90510 6046 8 47 29 -1

2849 3 28896 76630 9846 59364 84712 3807 3991
75503 26504 28786 79585 44345 11 77 3 57 36 6 34 72 -1
95101 32491 67764 122 63823 27 142 3358 -1 5469 4
50 27 3 1136 18603 35921 43 12 -1 53 137 13 28 0 51 56 2
99 41 4 81950 89542 3684 4260 33143 64571 24105

38 237 34260 45253 66 65 5647 3 26 84 5 60 407 55731
95901 46661 6342 8902 61356 5510 44 100 91 88 5

47 48 -3 8156 0 29514 3449 -3 1645 4372 -1 11 33 4 56 40 4
50 36 6 10 28 2 97 756 24561 25858 1971 0 80245 96 67 8
3309 4686 1 94452 5285 9850 44302 4772 0785

7583 7975 75103 482 2622 8 6-1 2341 3714

10481 6903 5083 656873 28624 83 184 23 453 61 82 4
7573 11943 4457 0 37 265 60284 4184 1 82654 33481

44 23 1 10857 83 44 3 12557 4203 2089 7 5049 -1 37 42 2
14 24 3 5494 64542 19163 60998 6635 995 -3 1775

20 285 86 17 -1 79838 89 37 2 47 53 -3 8024 2 99 84 1 14 43 3
84421 7961 18250 31631 8 946 17 355 58 82 3 53 156 5

17 14 6 8080 2 6641 38235 52425 45253 56 632 2802
856911 7444 2 883 61 -3 38415 7948 4 66 38 3 50 42 3 59 88 5
3696 4 6985 13351 54628 1023 32404 86 712 489 6

46 39 4 82505 438 3 19924 7657 0 75631 19254 77 9 2

80 953 31 04 2046 6 56 29 3 28 24 1 48 44 9 18 72 5 72 47 5
39193 9484 70 28 -1 5559 -1 29316 428836 6687 8 69 2

387 2 7115 263 -1 71645 26863 7641 2 78 224 26 65 3
4234 58325 887 -1 30945 51724 92445 80224 49 98 6
28767 87 23 38585 58684 46 28 0 74582 14 626 56 54 0
15346 60355 46642 5530 33422 8304 16 468 37 217
387 3 42434 77 101 8 704 93 17 0 28 24 3 66 58 56 66 93 7
86 91 35462 9523 16 965 92747 6604 365 17 34 8
34522 93182 452 13920 44 87 2 61564 2648 1 50 54 3

96 91 11261 2121 52573 46 61 -2 5027 3 53711 57847
10114 37 138 77610 74241 54266 39786 42 252 2 27 6
54 80 2 46 900 94 03 42905 96 195 1293 4 54 48 1 60 87 4
24 293 2833 6373 34364 46 306 69 26 0 57 73 1 58 85 8
83394 86522 68764 27 304 66 375 33710 94 17 -2 55 38 -1
747 6 77 571 93 92 -1 57 786 60 47 6 44 26 0 11 92 3 68 77 3
60 711 87 790 878 7 13630 2493 74662 29277 60715
7337 2432 45152 883 -2 68421 0553 36311 17 58 4

76 87 0 34991 70721 51963 10946 92824 5325 52541
14 91 -1 38604 28886 45225 37446 6596 2 47 6 2 97 50 6
232 50553 5214 91113 88392 23362 58264 650911
2090 5 2288 6 57904 95406 40 97 -1 75415 23291 58524
16 10 7 7027 0 7202 80743 38313 99790 19 19 2 12 46 8



17695 62281 95960 54665 56384 96182 2987 073
15785 28901 8284 17222 57694 7237 3679 2 18 27 4
73563 1289 30765 19563 55391 1288 976562 30721
20614 18314 775 0 44691 705611 26237 72303 79949
50914 9734 8120 37723 2015 11 454 15 67 6 43 93 2
80174 7963 9189 93171 67501 54871 72591 46 23 5

42 381 8982 -2 63144 67211 65655 656582 20251 88 79 -2
28510 69973 59912 16 324 66 952 85143 1793 77 37 -1
18 67 2 62453 93 2560 3546 2 4954 53732 39392 91776
64 306 558 2 51266 77 401 81333 89693 46 70 3 94 23 1
75143 451 95216 69765 29803 9957 -2 66 382 58 79 2
49 265 46 72 2 16 47 6 77 511 16 98 5 37 68 4 66 49 1 21 48 -2
6966 1 51774 5266 3072-1 29837 43 180 61 86 5 1 23 8
70 89 2 18624 24 324 20352 47921 0223 2547 5047 3

7884 4624 51323 47 20 43 26 -1 58 98 6 50 98 6 69 98 7
1276 8 47 78 0 4988 36641 51155 54145 20102 7068 1
7713 89405 9343 53514 852-2 23412 1925 6246 4

26191 69897 1049 -1 1904 42836 12887 11961 19 71 2
91 244 30871 36650 52347 89962 96 97 5 96 92 5 99 56 1
58 67 4 22864 7477 2 7185 6696 2 8049 -1 3538 2 40 34 2
86 30 2 16 82 3 8592 2 51 145 40410 53642 54305 72625
72 97 0 21892 20766 10924 9294 75804 27 203 9747

99 80 -1 38523 25767 51985 63705 57324 34411 3 16 4
3896 2 6351 3573 2609 2 58203 92236 64 383 63 48 -1
7823 28372 33753 59905 11462 95723 31820 96 755
58 39 6 43540 60612 70413 97 755 20864 1986 38 45 6
2329 -2 28250 8351 79307 46 90 0 47 13 3 37 10 4 51 83 6
7365 9266 35492 91775 2338-2 97 17 4 74 16 -3 65 15 5
49 63 5 565665 1151 97765 38113 82-1 3778 85750
9810 6184 74673 53238 67774 69265 46 64 -1 24 72 1
79276 256646 36150 156217 9954 5714 60203 3190 3
2686 8312 -2 43911 32160 9744 63713 99811 51904
3121 87333 7011 -1 6846 3 9185 92734 58707 91857
97 37 1 99881 53715 28590 45815 5013 19921 80 37 3
947 5 94392 3885 93870 26416 12217 32677 1569 3
44 891 14213 9304 75764 31805 71253 43-2 57153
72 47 3 17 14 3 63 581 53245 81335 861 -1 74922 28150
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